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Z'TOEE chief Deſign of this Tract (as the Ti- 
W | tle Page expreſſes) is to ſhew the Harmony 
between plane and /pherical Trigonometry. And 
the better to anſwer that Purpoſe, the correſpon- 
dent Theorems of both are diſpoſed in oppoſite 
Pages, facing each other; whereby the Agree- 
ment between them is rendered conſpicuous, at one 
View. This Deſign indeed takes up but a ſmall 
Part of the Treatiſe, but the other Particulars 
here added are not, tis hoped, without their Uſe. 


*Z1s found out. 
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D.E F-I N 
RIGONOMETRY is the Art of meaſuring or reſolving 


I. T 
| Triangles, 
I. A Triangle is ſaid to be reſolved, when from three given Parts 


(-either Sides, Angies®, or both-) a fourth (-cither Side or Angle-) 


Except the three Angles of a plane Triangle; for theſe determine only the Proportion 


Jof the Sides, and not their Quantity. 


III. Trigonometry is either plane or ſpherical; the firſt W Plane 


5 Triangles, the ſecond: ſpherical ones. 8 
5 | 8 n £3 U M. 
Inaſmuch as for the reſolving of Triangles, it is required, thit the 


| 1 Proportion which all the Parts of a Triangle bear to each other be 
known, which really is not; for the Peripheries of Circles, (and con- 
 fequently the Meaſures of Angles in a plane Triangle, and the Mea- 


ſures of Sides and Angles in a Spherical Triangle,) could never yet be 


reduced to right Lines; Mathematicians therefore, in order to remedy 


this Defect, have applied certain right Lines to the Circle, which bear 
an invariable Ratio to the Radius thereof. And theſe Lines they called 


Chords Sines- Tangents and. Secants. 


IV:*A Chord is a right Line drawn from one End of an Arc to the 
other; thus A G is the Chord of the Arc AE G, and of th e Arc AH G. 
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The Elements of Trigonometry. 
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The Chord therefore of an Arc, and of its Complement to a Circle, is 
the ſame. 

A Sine is either right or verſed. 2 

V. A Right Sine, moſt commonly called, ſimply, a Sine, is a Per- 


pendicular let fall from one Extremity of an Arc, upon the Radius 7 
drawn to the other Extremity of that ſame Arc; or it is one Half of , 
the Cord of the double Arc. Thus the Right. Sine of the Arc AE is 


the Line AC, ; AG, the Chord of AEG double of AE. 


As the Line AG is the Chord of the Arc AEG, and likewiſe of 1 
AHG its Complement to a Circle, conſequently AC (=; AG) the 


Sine of the Arc AE, is likewiſe the Sine of its Supplement AH. The 3 


Sine therefore, of an Angle, and of its Supplement to 180 Degrees, or 3 | 
two right Angles, is the ſame. 4 


0 i 4 
It appears from Def. 5. that cvcry Sine (i. e. right Sine) is the half 


of a Chord, and that the Arc of the Sine is the half of the Arc of F 
the ſaid Chord. Wherefore, becauſe there is the ſame Proportion be- 
tween two Halves, as there is between their Wholes, and the ſaid Pro- 


portion between the Halves (as being expreſſible in leſs Numbers) is 
much eaſier to be calculated, than the Proportion between their Wholes; 
hence (ſays Dr WELLS) Sines are uſed rather than Chords in Trigono- 4 
metrical Calculations, and the Proportion of Sines (not of Chords) to 
the Radius is ſet forth in Trigonometrical Tables. 1 
VI. A werſed Sine is the Segment of the Diameter intercepted be- 
tween the right Sine and the Arc. Thus CE is the verſed Sine of the 
Arc AE, and CH the verſed Sine of its Supplement A H. A 
VII. The 7 angent of an Arc is a right Line drawn perpendicular to 
the Diameter, touching the Arc at one End, and produced till it 
meets < 7 
VIII. The Secant, which is a right Line drawn from the Center 
thro' the other End of the faid Arc. Thus ED is the Tangent, and 
_ BD the Secant of the Arc AE, | 


SCHO- | 


Spherical Trigonometry. 9 
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is | Tt is to be obſerved, that as the Sine of an Arc, and of its Supplement, 
is the ſame; ſo the Tangent or Secant of any Arc, and of that Arc's 
Supplement, is the ſame likewile. | ; 

IX. The Cone, Cotangent, and Coſecant of an Arc, is the Sine, 


2 mer Arc to a Quadrant. Thus, FA, the Sine of AK; KL, its Tan- 
gent; and BL, its Secant; are reſpectively the Cofine, Cotangent, and 


# 
ph | 
Coſecant of the Arc AE. 


f C HA F. 

e 

e ®# The PROPERTIES or Ar FEC TIONS of Spherical Triangles. 
1 | ; 


DEF INTITIINS 


the Sphere. 
II. The Meaſure of a Spherical Angle is an Arc of a great Circle 
2 intercepted between the Sides comprehending the Angle, the Pole of 
that Circle being the angular Point, 


PR © PER FF 1 
I. In every Spherical Triangle each Side is 4% than a Semicircle. 
II. Any wo Sides taken together are greater than the third. 
III. The zhree Sides taken together are le than a whole Circle. 
IV. The three Angles taken together are greater than to right An- 
gles, and /eſs than x. 


3 7ſer Angle by the leſſer Side. * 
2 VI. In a right-angled Spherical Triangle, the Angles are of the 
ame Affection with their oppoſite Sides; that is, if the Sides are equal, 


greater or leſs than Quadrants, the Angles oppoſite thereto are equal, 


greater or leſs than Right Angles. And v. v. 
VII. If the two Sides of a right-angled Spherical Triangle be of the 
fame Affection, (and conſequently the Angles) that is, if they are both 


a Quadrant, - 


leſs, or both greater than a Quadrant, the Hypotenuſe will be les than 
5 VIII. But 


| Tangent, and Secant of that Arc which is the Complement of the for- 


f 1. Spherical Triangle is that which is comprehended under three 
+# Arcs of great Circles interſecting each other on the Surface of 


. 


V. The greater Angle is ſubtended by the greater Side, and the 


8 Plane Trigonometry. 9 
VIII. But if the two Sides (and conſequcntly the Angles) be of di fe- 2 
rent Affection, i. e. if one be le, and the orher greater than a Qua- f 
drant, the Hypotenuſe will be greater than a Quadrant. | | 
IX. If the Hyporenuſe be greater than a Quadrant, then the Side: al 
_ comprehending the right Angle, and alſo the Angles oppoſite to them, 
are of different Affection; but if Jeſs than a Quadrant, they are of the "@ 
ſame Affection. | A 
X. Any Spherical Triangle may be transformed into another, whoſe | 
three Sides are equal to the three Angles of the former, or their Sup- 
plements, if any of them be chtuſe. And contrariwiſe, whoſe Angles are 
equal to the Sides of the former, or their Supplements to Semicircles, if 
they are greater than Quadrants. | 1995 El 


UTR P ̃ 8 TV. 
Hence it follows, that, when the three Angles of a Spherical Trian- 
gle are given, the three Sides of the reciprocal Triangle will be known; 
for the two /efjer Sides will be reſpectively equal to the two leſſer, or 4- | 
cute Angles, and the greateſt Side to the Supplement of the greateſ?, or 
obtuſe Angle, | 4 


EH AP, mM 


IN every right-angled plane Triangle, any of the three Sides may be F 
made Radius, and then the two other Sides will be as Sines, Tan- 
gents, or Secants, as appears from the following 4 


wo 3 E 0 RE ML. 
If the Hypotenuſe be made Radius, the other two Sides are the Sines 
of their oppoſite Angles; but if one of the Sides (i. e. the Baſe or Per. 
pendicular be made Radius, then the other Side is the Tangent of its 
oppoſite Angle, and the Hypotenuſe is the Secant of that ſame Angle. Y 
This will appear very clearly, if the Figures in the Synapfis be 
compared with Def. V. VII. VIII. | 


„„ 
It may be of ſome uſe, to apprize the Reader in this Place, that there 

is in the Trigonometrical Canon, or Tables, a Triangle exactly ſimi lar to 
the Triangle propoſed to be ſolved; and upon the Similarity of theſe | 
Triangles all Trigonometrical Operations are grounded. Wherefore the 
Triangle propoſed to be reſolved is always confidered in a double _— : 
| | —1. A8 


- — — 


* % 


Plane Trigonometry. '9 


He- 1 1. As the Given Triangle — and 2. As the Canonical Triangle — and 
os then each Side (as it is obſervable in the forementioned F igures) has two 
'Denominati6ns ; the one fixed and wnchangeable, viz. Hypotenuſe, Baſe 


= apd Perpendicular ; the other continually changing, according to the 
de made Radius. But the Denomination of any Side (under this ſe- 

the end Conſideration) may be readily known by the Word annexed to it. 

oſe 

2 

re 

if 7 


10 Plane Trigonometry. 


FF 
The Trigonometrical Solutions of right-angled plane Triangles, 


HE Caſes of right-angled Triangles are fix ; all which may be. 7 
ſolved 2 the following Theorems. 2 
As Radius, 


„ 
Is to the Hypotenuſe; 


So is the Sine of either of the oblique Angles, 9 
To its oppoſite Side. * 
| viz. R: AC 228. ( % * 


. 


e 
As Radius, . 
Is to the Baſe; 
So is the Tangent of the 3 Angle, 3 
To the Perpendicular. | . 


viz. R: ; BC: : TC:AD. Fig. 2. 


FIRE: — 0 0 L-3 YA 1 
By introducing Secants into the Analogy, we have this additional T; Beo- 
rem for the „ of all ** Triangles, viz. 3 8 
As the Baſe, a 
Is to Radius 3 
So 1s the Hypoteruſe, 
To the Secant of the adjacent Angle, See Fig, 2, 3. 


Spherical Trigonometry. II 


f o H AP. IV. 
6 The Trigonometri cal Solutions of right-angled Spherical Triangles. 


HE Caſes of r:ght-angled Triangles are ten; all which may be 
| ſolved by the two following Theorems. 


As Radius, 
Is to the Sine of the Hypotenuſe; 
So is the Sine of either of the oblique Angles, 
> To the Sine of its oppoſite Side. 
. viz. R: S. AC: : S. C: S. AB. Fig. 5 
4 


COROLLA E 


+ Hence it follows, that, if 

An Angle and its oppoſite Side Þ £\ The Hypotenuſe 

An Angle and the Hypor. 8 The oppoſite Side on be found, 
3 The Eypot. and one Side The oppgſite Angle 


(ol) 
2 
A 


E. 1 HE OK EE 8 
As Radius, | 
Is to the Sine of the Baſe; © | 

So is the Tangent of the adjacent Angle, 

= To the Tangent of the Perpendicular. 

viz, R S. B:: TC: TAB: 21 $5 


1 COROLLA RE 

Hence it follows, that, if | 5 

J. The 2e Sides { The tuo acute Angles ? 3 
. An Angle and the adjacent Side 5 & & The other Side nay 
HL s H LF 0M. 


„ Tho! there is an exact Harmony between plane and ſpherical Trigo- 
pometry, with regard to the Theorems whereby this Species of Triangles 
s reſolved ; yet it muſt ſtill be confeſſed, that, with regard to the Solution, 
there is this ſnall Difference between them; vig. that in reſolving plane 
&r:angles we may ule either Sines or Tangents (i. e. Theorem 1. or 2.) 
ndifferently; whereas in ſpherical Trigonometry, the Caſe that is ſolvable 
y Sines will not admit of a Solution by Tangents, nor that which is 
„ olvable by Tangents of a Solution by Sines. 

F | | | CHAP. 


12 Spherical Ti rigonometry. 
CG: B.A 3 


of the Solution: of right-angled Triangles, by the foe Circular Parts, I 


2688" 
3 
28 
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EF 1INITION-S. 


L. JOVERY Triangle conſiſts of fix Parts, viz. three Sides and tire] 2 


Angles ; but omitting the right Angle, as being always known, 


the five remaining Parts, viz. the Hypotenuſe, the tuo oblique Angles,” 4 


and the Complements of the Tuo Sides, are called Circular Parts. 


II. In the Reſolution of every Triangle, three of theſe Parts come 
always under Conſideration, viz. the #09 Parts given, and the third re- 
quired ; that which is ſituated in the Middle, between the wal j 
two, is called the Middle Part ; and the other two, between which it 1 


is ſituated, are called Extreme Dae \ 


III. When the Extreme Parts lie contiguous, or - are conjoined to de 4 


Middle Part, PT are called Extremes Conjuntt : 
VV. But when 


Part, then they are called Extremes Digunct. 


err 3 


Therefore, if 


I. 9AB] £ I. 9BC,A }z  {1. AC, C 

2. A sg 2. AC, AB 53 2. OBC, C 

3. Ac 3. 3. AB, oBC I Beens 
8 ES AC S disſunct. 
4. C 284. AC, SBC 24. AB, A 

5. BC) A (5. C, AB „„ 


oo 1 


The Right Angle being always known, is therefore ejected out or | 


& 


IR. 


hey are digjoined from it, that is, when another Part J 
interpoſeth on Sr Sides between the Extreme Parts and the W . 


NB. OA, &c. ſignifies the Complement of AB, c. 


173 
. 
EASE 


the Circular Parts, and the Sides by which it is comprehended are con- 


ſidered as immediately adjoining : and hence it comes to paſs, that 
tho” the right Angle ſtands between BC (Caſe 1.) and AB (Caſe 5.) 


and the middle Part, yet they are ſuppoſed to be really conjunct. 
Theſe Things premiſed, all the Caſes of right-angled Triangles may be 


eaſily and 5; and ſolved by the following Ti beorems. 


he 
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T HE & 
In all right-angled Spherical Triangles, the Rectangle under the Ra» 


dius, and the Coſine of the middle Part, is equal to the Rectangle under 


the Sines of the Extremes digſunct. 


CO ! hb 4 MM E 
Hence it is evident, that, if from the Sum of the Logarithms of the 
Radius and the Co/ine of the middle Part, you ſubtra# the Logarithm 
of the Sine of either of the Extremes disjun&t, the Remainder will be 
the Logarithm of the Sine of the other. 


„„ , MAS 3 
The Rectangle under the Radius, and the Co/ine of the middle Part, 
is equal to the Rectangle under the Cotangents of the Extremes conjunct. 
g c on L I 1 ae 
Hence it follows, that, if from the Sum of the Logarithms of the 


Radius and the Cofine of the middle Part, you ſubrract the Logarithm 


of the Cotangent of either of the Extremes conjunct, the Remainder will 


be the Logarithm of the Cotangent of the other. 


8 Ci L707 M00 nd 
When a - Complement happens to concur with a Complement in the 
circular Parts, then the Sine, or the Tangent, inſtead of the Coſine or 
Cotangent, is always to be uſed in the Proportion; for the Caine or Co- 
tangent of the Complement of an Arc, is the Sine or Tangent of that 
Arc. | | 5 g 


ä Gb DUM 0, : 

If we conſider the Sides of plane Triangles as the Sines or 7. angents 
of the Sides of ſpherical ones, and apply to thoſe what has been here 
advanced of theſe, the Harmony between both will be {till conſpicuous. 

See Wolfius's Trigonometry. 


S R OL 1 V0 
The Lord, NaAPIER, who was the firſt Inventor of this Method, 
makes uſe of the Sides themſelues, and for the Hypotenuſe and oblique 
Angles inſerts their Complements in the circular Parts; whence he deduces 
theſe Theorems, * | : 
3 8 THE O- 


- 


Plane Triponometry. 


N 
| 
| 
{ 
| 
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The 7. rigonometrical Solutions of oblique-angled plane Triangles. 


HE Caſes of obligue-angled Triangles are four, all which may be 
ſolved by _ Ring Theorems. n 


r HE OR E N I. 


As one make” | | 
1 Is to the other; 
© So is the Sine of the Angle oppoſite to the firſt Side, 


| ** the Sine of the Angle oppoſite to the other. 
- Vi. AB: wack :8.C: wrap Fig. 4c 


Og OLALARYT. 


Hence it appears that, if 
1. Two Sides and the Angle po. & I. The _ oppoſite 
to one of them — to the other | may be 
2. Two Angles and the Side oppoſe 55 z. The Side oppoſite found. 
| to one of them 8 to the other . 


I | Spherical Trigonometry. xe 
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The Rectangle under the Radius, and the Sine of the middle Part, 
is equal to the under the Cy/ines of the Extremes di if 
Juni. 
I T H ER 2 


The Rectangle under the Radius and the Sine of the middle Part, 
7 is equal to the Rectangle under the T; angents of the Extremes con- 
4 * 


EF. 2 
De 7 rigonometrical Solutions of oblique-angled 8 pherical T; b 


HE Caſes of oblique-angled Triangles are fy all OT may be 
ſolved - the following Theorems. 


T H E OR E M I. 
As the Sine of one Side, 


Is to the Sine of the other; 


So is the Sine of the Angle oppoſite to the firſt Side, 
To the Sine of the Angle oppoſite to the other. 


VIZ. S.AB: S.AC::S.C: 8.B. Fig. 6. 


c O R OL LE A NR 
Hence it appears that if 


I. Two Sides and the Angle oppoſ.] & (1. The Angle ww” | 
1 to one of them ; 1 5 | > to the other 1 _ 
2. Two Angles and the Side 20 z. The Side oppofite| foun 
to one of them 8 to the other 


LE M- 


P „ ——— — 


1 


3 


LEMMA 


If any one Angle of a plane Triangle be ſubtracted from 180 Degrees 
or 2 Right Angles, the Remainder will be the Sum of the other two * 
Angles, (32. El. 1. Cor.) which divided . 2 _ their Half Sum in 


the Quotient, 


r 0 RU Nu. 


As Half the Sum of two Sides, 

Is to Half their Difference; 

So is the; Tangent of Half the Sum of their oppoſite _ | 

To the Tangent of Half their Difference. 70 
— Ad BC—AB, Ate .p A A—C 


* F 5 I | Fig. 4. 


VIZ, 


COROLLARY. 


Fr6in WES it in that, if #200 Sides and the Angle included be- 
tween them be given, each of the other two Angles may be found; for 
their Half Sum will be found by Lemma, and their Half Difference by 
Theorem 2. from whence ad Problem 4 20.) the EA 8 Ee may 


be found. 


s C n O L I UM. 2 8 


Inſtead of Therm II. the ys may be uſed, via. 
1. As the leſſer Side, 
Is to the greater ; 
So is Radius, 
To the Tangent of an Arc. 
2. As Radius, 
Is to the Tangent of that "MY leſs 452; 
So is the Tangent of Half the Sum of bode oppolite Angles, 
To the Tangent of Half thei? Difference. 8 


** — - 


F { 


| Spherical Trigonometry. "my 
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As the Coſine 4 Half the Sum of two Sides, 
Is to the Cofine of Half their Difference; 4 
| 1 o is the Cotangent of Half the included Angle, 
To the Tangent of Half the Sum of their * Angles. 
5 AB C 
viz, Col. =>; Co, = LO 2 7.4 


Fig. 6. 


T H E WM © 


As the Tangent of Half the Sum of two Sides, 

15 to the Tangent of Half their Difference; 

50 is the Tangent of Half the Sum of their oppoſite Angles, 

To the Tangent of Half their Difference.* 3 
1 viz. T. SIT 1. — 17 AX+C,rp 
1 2 | + 2 2 
I | @ | Fig. 6. 
i. e. when the Sum of the two Sides is le% than a Semicirele; when greater, take 
* ; K Supplements, and the Operation will produce the EE of the N ſought to 
We [right Angles. | 


c. o R / L a 2% 


"Hence it follows, that, if #awo Sides and the included Angle be given, 
gh of the other two Angles may be known, for their Half Sum will 
e found by the Lemma, and their Half Difference by the Theorem, 
om whence (by Problem P. 20.) the Angles Me will be known. 


8 R O L420 


3 Fnfead of Theorem II. the following may be uſed, viz. 
1. As the Sine of the leſſer Side, 

Is to the Sine of the greater; 

So is Radius, 

To the Tangent of an Arc; 
2. As Radius, 
Is to the Tangent of that Arc, leſs 45 | 
So is the Tangent of Half the Sum of Shak ic oppoſite Angles, 
To the Tangent of Halt their Difference. 


From 
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Angles may be found. For the Segments of the Baſe will be given by thuj 


2 —— * 
” 


en insb. 


This ben is purpoſely inſerted on account of its great Uſe i 

Aſtronomy. 4 
From the greateſt Angle of an oblique Triangle let fall a Perpend . 

cular on the Baſe, * it into two Segments, then L 


THEOREM III. 


As Half the Baſe 

Is to Half the Sum of the other two Sides; 

So is Half the Difference of thoſe Sides, 
To Half the Difference of the Segments of the Baſe, 
1. BC ABFAC, EBA . BD=DC 


Þ 2 2 5 Fig. 


R O I, . ö 
From hence it follows, that, if the three Sides be given, the Zh: F 


Theorem : and now the oblique Triangle being reduced into two right 
angled ones, wherein the Baſe and Hypotenuſe are known, the Aug 
will thence be given by the Reſolution of Caſe V. of right-anglil 
Triangles. 6 Wl 


— 


en Oi n 


The Fractions which commonly happen i in the Segments may a | 
an Error of ſome Minutes in the Angles ; wherefore the following The 
rem is to be preferred 28 for Accuracy and — ) in the Sol. | 
tion of this Caſe. l 


iſto 


THEORE N. | 


As the Rectangle under the Sides comprehending the Ang ol 
ſought, 


Is to the Square of the Radius 3 


An 
a 


—. A A ox A — 


Spherical Trigonometry. I9 


nd ; From As greateſt Angle of an oblique Triangle, let fall a Perils 
= * on the Baſe, which will divide it into two Segments; then, 


T HE O WY 


7 As the Tangent of Half the Baſe, 2 . 
Is to the Tangent of Half the Sum of the ** two. Sides; 
So is the Tangent of Half the Difference of thoſe Sides, 
To the Tangent of Half the Difference of the Segments of the Baſe. 
BC :  AB—AC BD- DC. 


. T 8 T 1 : WOT z +: 


co K-01 NR 

From hence it appears, that, if the zþree Sides be given, either of the 
ree Angles may be found. For the Segments of the Baſe will be given 
y this Theorem; wherefore the oblique Triangle being reduced into two 
eht-angled ones, wherein the Baſe and Hypotenuſe are known, the 


Higles will be given by the Reſolution of "Caſe III. of #:ght-angled 
9 riangles. | 


8 c H 1 


As the Reſolution of this Caſe by the foregoing Method is very te- 
; Wious, we ſhall therefore add the following Theorem ; by which it may 
pe folved at one Operation, 


T7 HE © KK MM 


As the Rectangle under the Sines of the Sides comprehending the 
Angle ſought, 


Is to the Square of the Radius; a 


ee we. 


= | Plane — 


| $0 is the Rectangle under the Differences between thoſe Sides and C 
Half Sum of the three Sides, 3 
To the Square of the Sine of Half the Angle ſought, 
. NA # 
viz, ABXAC:Rq::XxZ: 8. 2 Fig. 4. 5 4 
i © SE WET nnn 3 
| 2 S—AB=Z, * 


NB. 


P R OB L E M. 1 
The Half Sum and Half Difference of 5: wy two Wis... raph be 
given, to find the 4 NR themſelves. . | 


* 


$@ LUTION 


| I. To Half the Sum add Half the Difference, the Aggregate (Su 
KK of both) will be the greater Quantity. 
| 2. From Half the Sum ſub:ra# Half the Difference, the Remaind 


will be the 1 1 2 1 
— ; | 4 5 i 
, 
4 


en 


; 
[ 
ö 
| 
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Sp gerical Trigonometr . 27 
80 is the Rectangle under the Sines of the Differences between thoſe 
 Fides and the Half Sum of the three Sides, 

Jo the Square of the Sine of Half the Angle ſought. 

4 iz, SABINE By © COTE +5 i * . 

3 8 —AC=X. 
* "8 S$—AB=Z. 


L E M M A. 


As the Coſine of Half the Sum of two Angles, 

Ils to the Coſine of Half their Difference; 

So is the Tangent of Half the interjacent Side, 3 
To the Tangent of Half the Sum- of the other two Sides.“ 


iz. cet. cor. SZ, 7, S p: 
2 7 23 Fig. 6. 
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. i. e. When the Sun of the Angles is leſs than two right Angles — when greater, take 
their Supplements, and the Operation will produce each Side's Supplement to a Semicircle. | 


— 


T H E. O RE NM W. 


As the Tangent of Half the Sum of two Angles, 
Is to the Tangent of Half their Difference; 
So is the Tangent of Half the Sum of their oppoſite Sides, 
To the Tangent of Half their Difference. 


r RE 8 


COoOReal Lt AY 
£ From hence it follows, that if two Angles and the interjacent Side be 
given, the other two Sides may be found. for their Half Sum will be 


known by the Lemma, and their Half Difference by the Theorem ; 
whence (by Problem p. 20) the Sides themſelves will be known. 
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TESTED: 
Of; the Solutions of Trigonometrical Problems, 


N all Trig onometrical Operations there are always three Thin ngs given. 
to find a rb, ; (ſuppoſing the Radius in right-angled Triangles tu 
be one). Theſe three given Terms are to be ſo ſtated, that the ſame Pro. 1 5 
portion there is between the firſt and ſecond, may likewiſe exiſt between 7 
the third and fourth, which is always the Term ſought ; and therefor 
anciently (as in all other Cafes in the Rule of Proportion) the Method 
was, to multiply the ſecond and third Terms into each other, and di. 
vide the Product by the firſt; the Quotient was the Anſwer to the 
Queſtion. But now ſince the admirable Invention of Logarithms (the 

Nature of which is ſuch that Addition performs the Office of Multipli 
cation, and Subrraction of Divifion) there needs only to add the Lega. . 
rithms of the ſecond and third Terms together, and from their Sum to 

ſubtra# the Logarithm of the firſt Term, and the Remainder will by 
the Logarithm of the fourth Term required. Y 


| | 
( 
1 
{ 
* 
. 
z 
ö 
>; 
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But for more Eaſe and Expedition, 

When the Radius is not in the Proportion, then, inſtead of the Lol 
garithm of the firſt Term, irſelß, ſet down its Arithmerical Complement) 
(i. e. what each Figure but the laſt wants of q, that of 10.) and 
add all the three Terms together, the Sum, (fu tracking Radius,) i f 
the Logarithm of the fourth Term ſought, 

If the Logarithm of the Term ſought ſhould not preciſely corre-þ 
ſpand with any Logarithm in the Tables, it is ſufficient. for ordinary 1 
Purpoſes to take the neareſt to it. But where great Exactneſs is re- 
quired, you muſt 1 e the Difference as the N ature of thel 
Caſe demands, + 

In ſtating the Terms of the Analogies, you are Sage to obſerve A 
uy ua | | 


di 


r RK RE C EN S. 


When a Side is required, begin with an Angle; and, on the con- 
trary, when an Angle is required, begin with a Side; then, 
4 - I. Compare a Side to its oppoſite TAY and an dg to its obi, E 


SCH o- 
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S HF 


By an Angle I mean the Sine, Tangent, or Secant of it. By a Side, 
Y in Sph. * the Sine or T: Ea ons that Side, 


PROBLE M J. 


In a ie le Plane Triangle, any uo Parts (as the Side BC, 
nd the Angle 6 being given, to find the ober Parts. V. Synopfis, P. 28. 


SOLUTION. 


1. Conſider which Side is moſt proper to be made Radius, whether 
he Hypotenuſe, Baſe, or tay rn 5 
J 11. It as PR made Radius, {a 1 the Aer 


will . | 
1-S.A:BC:: R: Ac. 
2. 8. A: BC :: 8. C: AB. | 
III. If the Baſe be made Radius, (Fig. 2.) the Proportion is 
. RU: 
2. R: BC: : Sec. C: AC. 
IV. If you make the Perpendicular Radius, (Fig. 3.) the Solution is 
performed by the following Analogy, viz, 
; I. L.A BC: RK" 08. 
2. T. A: BC: : Sec. A: AC. 


ER U. 


| Ina right-angled Spherical Triangle, any #00 Parts (beſides the right 
Angle) being given to find the other Parti. V. Synopfis, p. 30. 


The 3824 TI10N by the common Rules. 


E ; 
I. Firſt conſider al tha Parts concerned in the Guss be 
Extremes conjundt or digjunct. 

II. If the Parts be Extremes digjunct, — able: to each other; 


D 2 1 


24 0 Spherical 1 


e. g. if the Eypotenuſe AC and the _— C be given, to find its | 
oppoſite Side AB; then ſay by Theorem J. 
As. Radius, 
Is to the Sine of the Hypotenuſe AC; | | x 
So is the Sine of the Angle C, F 
To the Sine of its oppoſite Side AB. _ 

III. But if the Parts be Extremes digjunct, and not oppoſite; for Ex- 
ample, if the Side BC, and the adjacent Angle C, be given, to find 
the other Angle A: Then the Sides of the Triangle are to be continued 
till they become Quadrants, and thereby form a new Triangle, _— 1 
the Parts concerned in the Problem are Extremes diguncs, and 4 
ite, as the Triangle FCG ; in which are given GC, the n 3 
of the Side BC, and the Angle C, to find GF, the Complement of the 
Angle A; therefore ſay as before, 0 

As Radius, „ 

Is to the Sine of the 1 G0. i. e. the Col. of BC; = 2 

So is the Sine of the Angle C, | £ 

To the Sine of its oppoſite Side FG. i. e. the Co. of A. | 
IV. If the Parts be Extremes conjunt?, and the Hypotenuſe out of the 
Queſtion; for inſtance, if the Sides AB and BC, be — to find the 
Angle C, the Rule! is,, 5 

As the Sine of BC, ah 1 
Is to the Radius; ' ET 7 | 
So is the Tangent of A, 5 
To the Tangent of , Theorem ad. 

V. But if the Parts be Extremes conjunct, and the Hypotenuſe con- 
cerned in the Problem; as if the Hypotenuſe AC, and the Angle C. 
were given, to find the adjacent Side BC : Produce each Side of the 
Triangle to a Quadrant, in order to find a ew Triangle, wherein the 
Hypotenuſe is excluded out of the Problem, as the Triangle E AK, 
wherein are given EA, the Complement of the Hypotenuſe AC; EK, 
the Complement of the Angle C; to find: the Angle K, the Complement 
of the Side ſought BC; | therefore the. Rule is the fame as before, 

As the Sine of EK, viz. Col. of C, 
Is to the Radius; 
So is the Tangent. of EA, viz. Cot. of AC, 

To the Tangent of K, viz. Cot. of BC. 

VI. When the Sides of a Triangle are to be 3 it matters not 
towards which Part you produce them, if ne:rher of the acute Angle 
are concerned in the Queſtion. When one is concerned, they muſt al- Nb 
ways be produced thtoꝰ the orber * but when both: the Angles en- * 


h i 


Spherical Trigonometry. 25 
its Weer the Problem, the Sides are to be produced thro' that Angle which 
iSs adjacent to the Side in Queſtion, 5 a | a 


1 We SOLUTION by the Catholic Propoſition. 


X 1. Firſt conſider, as before, whether the Parts in Queſtion be Ex- 
nd Myremes conjunct or di unc. 5 | 
II. If one or both the Sides comprehending the right Angle are con- 
rerned in the Problem, then, inſtead of the Sides themſelves, ſet down 
heir Complements to a Quadrant; . wherefore, 
III. Since, by the Catholic Propoſition, the Rectangle under the Ra- 
uus and the Coſine of the Middle Fart, is equal to the Rectangle under 
he Sines of the Extremes digjunct — and the Cotangents of the Ex- 
Fienmes conjunct: If from the Sum of the Logarithms of tuo Parts you 
abtract the Logarithm of the third, the Remainder will be the Loga- 
rithm of the Sine or Tangent of the Side or Angle ſought. See Corol. 
fo Th. I. and II. p. 13. NE 


PROBLEM 


n the Reſolution of right -angled Spherical Triangles, to determine 
he Species of the Side or Angle found. | W 5 


FFC 


1. When the Hypotenuſe and either of the Angles are given, the Spe- 
ies of the other Parts may be determined by Properties IX and VI. 
Therefore Caſe I. and II. are free of all Ambiguity: © Z 
2. If the Hypotenuſe and either Side be given, as in Caſe III. and 
IV. the Affection of the other Parts is determined, as before, by Pro- 
Pere TX. end . dt To an? <5 Hal 

3. When both the Sides, or both the Angles are given, the Species of 
the other Parts are known by Properties VI. VII. VIII. Hence Caſes 
IX. and X. are clear. ed bevio! 7 29163 137? 1 

4. If a Side (Leg) and an Angle adjacent thereto be given, as in 
Caſe V. and VII. then the Species of the oppofite Side may be deter- 
mined by Property VI. and from thence the Species of the Hypotenuſe 
by Properties VII. and. VIII. | | 
er | 5. But 


It 
es 


= 3s 5 I Spherical Trigonometry. 
| F. But when a Side and an Angle oppoſite thereto are given, then th 


8 of the unknown Parts cannot be determined. Therefore Caſ: 
I, and VIII. are * W 


— 5 — —— 


. PROBLEM I. 


| In the Station of oblique- angled Spherical Triangles, to determin 
* Ncies af n . or WOE found. | 


$0LUTION. 


| / When two ante, and a* Side oppoſite to one of them 1 
I to find the Side oppoßte to the other, as in Caſe. I, pre 
ceed thus: Add both the given Angles to gether, and obſerve thei 
Sum; then to the given Side add the /eſſer Kc of the Side found, a 
alfo its greater Arc, or Complement ; and that Arc of the Side found 
which, together with the Side given, is of the ſame Affection with the 
Sum of the Angles (i. e. whoſe Sum is either greater or leſi than 
Semicircle, as the Sum of the Angles is greater or leſs than two right 
Angles) is the true Arc required. 
But if the Sum of the Side given and either Arc of the Side foun 
be of the ſame _—_ with the Sum of the Angles, then the Cafe | k 
- ambiguous. 
2. In like manner may the Ambiguity in Caſe IV. (where tw 
Sides and an Angle oppoſite to one. of them are given, to find the Angl. 
oppoſite to the other be cleared and determined — for that Value (whe- 
3 the greater or fer) of the Angle found, which, together with the 
Angle given, is of the ſame Affection with the Sum of the Sides (i. ; 
| whoſe Sum is greater or leſs than two right Angles, as the Sum 0 
the = i8 greater or leſs than: ; A michele) is the true Value re- 
quired. 
But if the Sum of the Angle given and aller Value of the Angle 
ound, be of the! Fame neee Sum of the Sides, then. the 
Caſe is ambiguous. 
3. The N Caſes, when folved 1 the Method here r. are 
clear of all ul Arnbignitics \ 
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But it may not be improper to remark,” that a Cafe which is ambi- 
ous in Tr:gonometry, is very often not ſo, when it occurs in Geogra- 
by or A3ronomy, &c. for the peculiar Nature of the Subject to which 
is applied, may ſometimes determine it, when the Principles of Tri- 
onometry Cannot, T1} 1 3 | 


—— 2 
ö 4 
* ; 
. 
o 
* 4 * 
* — 
* wo : 
1 
4 
N S # 
bs * 
cM * — "Bd . 
* os 
0 1 a 
* 
as, « * 
» 
' * 
5 
= — © 9- — 
_ , 
* i 12 * & 
: 1 - 
7 ; : * 
$ | < 
* N — 
7 4 4+ 
” by Wo : . 
: , 3 7 — 1 
. 3 
7 — 1 4 $ 2 
* 
— 4 
= ” 
> _ 
"= 5 ; 
2 , 
= 
7 
N - 
+ % * * 
, ol — 
% # . q 
7 . 
* „ 2 
* Ms * i 
1 6 2 
3 * Lo 
* 7 a, - 
* % - 
— 5 A . ; 
T Y 
5 ; . SY. 
* 
hb i I 
& * * | * 
* 
o FEOOY 4 
7 W . 


% 
' * : 4 ip 
* 
$ 1 hag 
: x 
- 
» 
4 
n 
* 
7 
* — 
1 
: 
_— 
: * 
: * * 
— 7 * 
— — 1 
Sh - 4 
k * * 
Sy nom * : 
PR 4 . 
— — - 1 bs 4 4 1 
0 1 * 1 
_y * 7 
— * : 1 
IR * : 
* 5 
„ * * 
: . 
: ; 
* 
— o 
? 
- 
I 


1 . 
— — — 


AS Y NOPSIS of the Doctrine of right-angled plane Triangles. 


N * BC :: S. C: AK : Þ 7 2 | | 0 
A CS. A: BC:: R: AC <2 | :: Sec. A: AC 
B OS. C: :: A; BY 7 TAB 
:: Ki AC : Sec. A: AC 
AC:: S. A: BS 
R:AC::S.C: AB = 


e. C. AC: 'TC: AB Bick : AC: R : AB 
C: R :: AB; T.Cthe ABR BN T.A then 
R : BC: : Sec. 8 AC R: AB:: Sec. A: AC 

R :: BC: S. A chen C: R:: AC: Sec.Cthen| © 

:AC::SC: AB R: BC: TC: AB 
R:: AB: S. then r : 
| : AC: : S. A: BC " 5 


TAB: RK :: AT: Seed then 
IR AB:: T. A; BC 
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YNOPSIS of the Doctrine of oblique-angled plane Triangles. _ 


44 
Q 
<= 
3 | 
A.B.C]A BÞ. TT: BC::SC: AB 
BC [A CS. A: BC:: S. B: AC | 
AB. ACA. AC: S.B: . S. C. then EA en 
B J. B: AC:: S. A: BC. 5 
AB AC, — C+B CB. 
40 „ = — 1.— — _— then 4: 
FC AC: : : S.A : BC. 
AB BC E — — — 
BC | 2 : 
AC JC 0 B D, DC are ak * the * by 
Caſe V. of right-angled Triangles. 
_ Otherwiſe thus. 
A and ſo for 
[ABXAC: Rq ::;Xx2 : 9 2 any other. 
NB. Bc CAB TAC —AC—X| 
; 4 | 3 = —AB=Z| 
7 
** EE. 
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22 
Cot. B C: Cot. 
Coſ. AB: R:: 


t. A 
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Cot. A B: Got. | 
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SAC: R 
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— S. HF $ 
GF:: SGH: NF 


F: SBH 
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Neef Triggnnetty.. 4 2 9 
Dectrine 6 6 T riangles; 


x --þ 
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Ae BA 


FAT then | 


Ac 
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8. BC: 8. A. 
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BC—AR = 


| ce T 
Ae. 4 
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"AB: SAC SK. then 
are found as in Caſe I. 
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: 12 = D 


; 3 BD. D 5 are found, and "io Angles by ſe 5 


of right-angled T riangles .. Or thus 


S.ABxS.AC: Rꝗ :: S. Xx S. Z: 84 = 


and ſo for any other. 


NB. BC HABLA CNN 


= AC 


VII 


AB 
"DG 
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| AC 


Property X. Page 8. and proceed * 
m Caſe v. 
* Lemma Th. Is: 


= the Angles into Sides by Cor. to 4. *+ 
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